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Hybrid Reynolds-Averaged Navier–Stokes/Large-Eddy
Simulations of Supersonic Turbulent Mixing
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A turbulent mixing layer formed from two supersonic streams initially separated by a splitter plate is investigated
with a hybridcomputationalmethodusing a Reynolds-averagedNavier–Stokes (RANS)approachfor wall-bounded
regions and a large-eddy simulation (LES) approach for the turbulent mixing region. Simulations of the mixing
layer predict a vortex shedding originating from the splitter base and then a rapid transition to turbulence, which
is in agreement with experimental observations. As a result, the potential of the hybrid method is demonstrated
for � ows in which a geometric feature, such as the blunt splitter plate considered here, provides the dominant
unsteady feature leading to turbulence, without imposing additional in� ow disturbances. Parametric studies of
LES subgrid modeling settings, variations in the spanwise computational domain, and wall temperature settings
in the RANS region were conducted. The subgrid model cases, using a baseline computational grid with small
spanwise computationaldomain, overpredicted the mixing layer turbulence levels but only showed small variation
in the mixing layer predictions with large changes in the model parameters. The cases examining wider spanwise
domains enabled more turbulent energy to be released in the spanwise direction, which in turn reduced axial and
vertical turbulence levels. Finally, prescribing the wall temperatures in the RANS regions instead of using the
more traditional adiabatic wall boundary conditions further reduced turbulence levels and enabled reasonable
agreement with experimental data.

Nomenclature
a = speed of sound
b = local mixing layer thickness between vertical

positions where U is Utop ¡ 0:11U and U is
Ubottom C 0:11U

Ch = Stanton number
C I = Smagorinsky subgrid model (second) coef� cient
CP = speci� c heat at constant pressure
CS = Smagorinsky subgrid model (� rst) coef� cient
Et = total energy
H = mixing duct height
kSGS = effective subgrid thermal conductivity
P = static pressure
PrT = turbulent Prandtl number
q j = heat � ux
qSGS

j = subgrid scale (SGS) heat � ux
qT

j = turbulent heat � ux
qw = wall heat � ux
S = magnitude of the strain rate
Si j = rate of strain tensor
T = static temperature
Taw = adiabatic wall temperature
Tt = stagnation temperature
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Tw = wall temperature
t = time
U = mean axial velocity
U1 = freestream velocity
u; v; w = velocity components
u i = velocity vector
u rms = axial turbulent intensity
vrms = vertical turbulent intensity
wrms = spanwise turbulent intensity
x; y; z = Cartesian coordinates
xi = position vector
1 = � lter width
1U = freestream velocity difference
1x; 1y; 1z = Cartesian grid spacing
± = boundary-layer thickness
±i j = Kronecker delta function
±¤ = displacement thickness
µ = momentum thickness
¹SGS = SGS turbulent viscosity
¼ = SGS rate of strain parameter
½ = density
¿i j = viscous stress tensor
¿SGS

i j = SGS stress
¿T

i j = turbulent or Reynolds stress

Introduction

S IGNIFICANT research has been underway for several years in
the development of advanced computational methods for sim-

ulation of turbulent � ows in exhaust nozzles. The primary efforts
of this research have concentrated on improving the capability of
computational� uid dynamics (CFD) methods to calculate the com-
pressible turbulentmixing layers that dominate the � ows in exhaust
systemsofmodern-dayaircraftandhypersonicvehiclesunderdevel-
opment. To date, Reynolds-averagedNavier–Stokes (RANS) tech-
niques have been used almost exclusively to calculate such � ows.
These RANS techniques require the use of turbulence models to
replace all unsteady turbulent motion with a spatially varying eddy
viscosity. Unfortunately, no turbulence model has been developed
to date that is able to represent the turbulent motion accurately for
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a broad range of � ow conditions. Validation studies1;2 have shown
that the state-of-the-art turbulence models available in production-
use RANS codes have major de� ciencies in predicting turbulent
mixing in nozzle and jet � ows involving compressibility,high tem-
peratures, and three dimensionality.

These limitationsofRANS techniqueshave led to interest in tech-
niques such as large-eddysimulation(LES) to improve the accuracy
of calculating nozzle and jet � ows dominated by turbulent mixing.
In addition, LES offers the capability to produce a temporal history
of the turbulent � ow, which RANS methods inherently cannot pro-
vide. This feature has made LES an attractive technique for directly
computing noise generation.

For realisticnozzlecon� gurationsin which upstreameffects from
wall boundedregionsare important,applyingan LES method to cal-
culate the wide range of turbulent scales from very small scales in
the wall bounded regions to large scales in the mixing region is not
yet possible with current computers.3 Nearly all LES simulations
of jet and mixing layer � ows performed to date have placed the in-
� ow of the computationaldomain downstreamof any wall bounded
regions and have either ignored the upstream boundary-layer ef-
fects or used some approximation to initialize the turbulent mixing
layer. The problem with using such arti� cially generated in� ows
is that the characteristics of the upstream boundary layers, includ-
ing velocity, temperature,and turbulencepro� les, are not accurately
represented. This is a signi� cant de� ciency because the state of the
incoming boundary layers have been shown to have substantial ef-
fects on the developmentof turbulent mixing layers in experiments
conducted by Bradshaw,4 Browand and Latigo,5 and Hussain and
Clark.6

To address the issues associated with modeling upstream wall
boundary-layereffects, a hybrid method was recently developedby
Georgiadis et al.7 The hybrid method employs a RANS approach to
provide the mean � ow characteristics of the wall boundary layers
entering the mixing region. The downstream mixing layer is then
calculated using LES. The method developed here is intended for
those nozzle and mixing layer problems in which a geometric fea-
ture, such as the base region of a nozzle or splitter plate separating
the upstream � ows, provides the dominant unsteady mechanism to
drive the development of turbulence in the mixing layer. Although
the upstream RANS approach does not provide any unsteady tur-
bulence information to the mixing layer, the mean � ow momentum
and thermal boundary-layer effects are calculated and provided to
the LES region. Figure 1 provides a schematic of a mixing layer
con� guration for which the current method is intended.This simple
con� guration is representativeof more complex nozzle geometries
in that two wall bounded regions provide isolated � ows to a single
regionwherecompressiblemixing is theprimary� owcharacteristic.

Other hybrid RANS/LES methods have been recently developed
and applied to a variety of � ows. The most widely publicized
hybrid technique to date is the detached-eddy simulation (DES)
method.3;8;9 In theDES method,wall boundedregionsare calculated
using RANS with the Spalart–Allmaras10 one-equation turbulence
model. A straightforward modi� cation of the model for the turbu-
lent length scale expression enables this RANS model to function
as a subgrid model in LES regions. Constantinescu and Squires11

have applied DES to turbulent � ow over a sphere. Strelets12 has
used DES to investigate several � ows for con� gurationswith large-
scale separationregions, includingan airfoil at high angle of attack,
a backward-facing step, and an aircraft landing gear truck. Batten
et al.13 proposed a hybrid model that employs a Reynolds-stress

Fig.1 Schematicofmixing layerdemonstratingthe hybridRANS/LES
approach.

model to close the RANS and LES equations. Last, Arunajate-
san et al.14 and Arunajatesan and Sinha15 have applied a hybrid
RANS/LES method to cavity � ow� elds. Their approach employed
a two-equationk–kl turbulencemodel to close the RANS equations
and a one-equation model solving for the � ltered subgrid kinetic
energy to close the LES equations.

The hybrid method used in this paper employs computationally
inexpensive algebraic turbulence modeling for both the RANS and
LES regions.A summary of the method is provided in the following
section. Reference 7 provides details of the method development
and preliminary calculations for the mixing layer con� guration ex-
amined in the current work. Results indicated the capability of the
RANS part of the hybrid method to accurately provide the mean
� ow characteristicsof the wall boundary layers entering the mixing
section. In the mixing region, the LES part of the method demon-
strates an unsteady vortex shedding originating just downstream of
the splitter plate separating the two wall bounded � ows. This un-
steady vortical structure rapidly transitions to a turbulent structure
downstream in the mixing layer. Investigations of modeling issues
associatedwith the hybridmethodare the focusof thispaper.Specif-
ically, effects of subgrid modeling in the LES region, spanwise grid
structure, and thermal boundary conditions applied to walls in the
RANS region are examined.

Hybrid Numerical Method
To developthe hybridmethod,both the RANS and LES equations

were derived, starting from the compressible form of the Navier–
Stokesequations.The detailsof thisderivationareprovidedin Ref. 7
and will only be brie� y described here. The RANS equations are
derived using a density weighting in the time-averaging process.
The resulting mass-weighted RANS equations for the continuity,
momentum, and energy equations are
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To derive the LES equations, a spatial � ltering procedure is ap-
plied to the time-dependent form of the Navier–Stokes equations
to remove small-scale � uctuations that are too small to be resolved
by the computational scheme. Similar to the process used for the
RANS equations, a density weighting is used in the LES � ltering
process. The resulting LES expressions for conservation of mass,
momentum, and energy are

@ N½
@t

C @

@xi
. N½ Qu i / D 0 (4)

@

@t
. N½ Qui / C

@

@x j
. N½ Qui Qu j / C

@ NP
@xi

¡
@ N¿i j

@ x j
¡

@¿SGS
i j

@x j
D 0 (5)

@

@t
. QE t / C @

@x j
. Qu j

QEt C Qu j
NP/ ¡ @

@x j

¡
Qu i N¿i j C Qu i ¿

SGS
i j

¢

C @

@x j

¡
Nq j C qSGS

j

¢
D 0 (6)

In Eqs. (1–3), the terms denoted with a carat are mass-weighted,
time-averaged quantities. In this case, ¿ T

i j and q T
j are replaced with

a turbulencemodel. In Eqs. (4–6), the terms denoted with a tilde are
mass-weighted, spatially � ltered quantities, and ¿SGS

i j and qSGS
j are

also replaced with a model. The modeled SGS stresses, however,
are only those that are too small to be resolved by the computa-
tional scheme and grid, whereas the entire spectrum of turbulent
stresses is replaced with a model in the RANS equations. Because
of the similar form of the RANS and LES equations, both equation
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sets are solved with a single computational method. In this work,
the Gottlieb–Turkel scheme16 was used. This predictor–corrector
scheme is second-order accurate in time and fourth-order accurate
in space. In addition, the equations are transformed to generalized
coordinatesand solved with a set of metric terms that are consistent
with the Gottlieb–Turkel scheme.

Closure for the RANS equations is obtained using the Cebeci–
Smith17;18 algebraic turbulencemodel in conjunctionwith the wall-
function approachof Ota and Goldberg.19 The use of wall functions
relaxes the near-wall spacing in the RANS region to enablea contin-
uous computationalgrid from the RANS regions to the LES region.
This RANS turbulence modeling procedure is described more ex-
tensively in Ref. 7. Becausevariationsof the SGS model parameters
are considered in this paper, details of the model are provided next.
The LES equationsare closed using the SmagorinskySGS model.20

The form of the model is similar to the Cebeci–Smith18 model used
for the RANS equations in that a gradient-diffusionmixing-length
approach is used.

The Smagorinsky20 expression for the SGS stress is
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The parameter1 is the length scale used in the spatial� lteringof the
equations and, as a result, is used as the characteristic length scale
of the subgrid turbulence.For this method, 1 is taken to be the grid
spacing. In a three-dimensional computational grid with unequal
spacing in each direction, this subgrid length scale is frequently
de� ned as

1 D .1x1y1z/
1
3 (9)

For computational grids with substantially different spacing in the
three directions, an alternative form21 is

1 D f[.1x/2 C .1y/2 C .1z/2]=3g
1
2 (10)

For the same computational grid, the modi� ed length scale expres-
sion results in larger values of the subgrid model eddy viscosity
compared to the standard length scale expression.Both expressions
for the length scale are examined in this work. The SGS eddy vis-
cosity is analogous to the eddy viscosity used in RANS turbulence
models and is written as

¹SGS D N½.CS1/2 S (11)

The constants CS and C I have been found to be dependent on the
� ow under investigation.Rogallo and Moin22 suggesta range for CS

of 0:10 · CS · 0:24. These limits on CS were investigated for the
mixing layer in this work. The constant CI is usually equal to 0.01,
but several authors, including Ragab and Sheen21 and Choi et al.23

mention that the contribution of the term involving C I may not be
important and may be neglected.The latter approach is taken in this
work. The SGS heat � ux is modeled analogously to that done for
the turbulent heat � ux of the RANS equations:
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where kSGS is related to ¹SGS through the turbulent Prandtl number.
As in the RANS regions, the turbulent Prandtl number is assumed
to be constant in the LES regions and equal to 0.9. The SGS heat
� ux becomes
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Solution Procedure
The quantities in the RANS equations (1–3) represent time-

averaged quantities and are fundamentally different from the spa-
tially � ltered quantities in the LES equations (4–6). However, the

similar structural form of these two equation sets enables a simula-
tion to be calculated continuously from the RANS regions through
the LES region. This is accomplished through the turbulence mod-
eling by using the Cebeci–Smith18 RANS closure upstream of the
vertical plane passing through the splitter plate trailing edge and
using the Smagorinsky20 LES closure downstream of this plane. In
addition, for the mixing layer simulations considered here, a con-
tinuous three-dimensional grid is used from the RANS regions to
the LES region. The � ows in the RANS regions essentially reach a
steady state that also does not vary spatially in the spanwise direc-
tion as a calculation progresses. However, three-dimensional cal-
culations are continued everywhere to preserve the coupling of the
RANS and LES regions.

Whereas the mean � ow properties of the boundary layers are
provided to the LES region with the developing mixing layer, no
disturbances are speci� ed to the beginning of the mixing layer, as
is frequently required to establish turbulence in LES simulations of
mixing layers. However, as will be demonstrated in the computa-
tional results section, the modeling of the splitter plate trailing edge
enables an unsteady vortex shedding to be simulated at the begin-
ning of the mixing layer. It is this vortex shedding that provides the
dominant instability to drive a rapid transition of the mixing layer
to a turbulent state.

Experimental Con� guration
The hybrid RANS/LES method was applied to one of the bench-

mark mixing layer experiments of Goebel–Dutton24;25 referred to
as case 2, in which two isolated supersonic streams, separated by a
splitter plate, provide the � ows to a mixing section. The operating
conditions of the two streams in case 2 are provided in Table 1.
The convective Mach number calculated from the � ow conditions
is 0.46. The higher-speedprimary stream occurred over the top sur-
face of the splitter plate. The top stream enters the mixing section
axially, whereas the bottom stream enters the mixing section at an
angle of 2.5 deg. The splitter plate thickness has a base height of
0.5 mm at the trailing edge. Upstream of the straightsections for the
two isolated� ows, contourednozzleblocks providedthe supersonic
� ows.

The mixing section height was 48 mm, and the length of the
mixing section available for � ow� eld measurements was 500 mm.
The width of the mixing section was 96 mm, and, as a result, the
mean � ow development could be considered two-dimensional.The
lower and upper walls of the mixing section could be adjusted to
account for boundary-layergrowth along these two surfaces and, as
a result, effectively remove any streamwise pressure gradient.

Single-component laser Doppler velocimetry (LDV) measure-
ments were used to calculate boundary-layer, displacement, and
momentum thicknessesof the two streams as they entered the mix-
ing section. These quantities are provided in Table 1. Such doc-
umentation of the incoming boundary-layer characteristics makes
the Goebel–Dutton experiments one of the more thoroughly docu-
mented benchmark data sets available for compressiblemixing lay-
ers. In the mixing region, a two-component LDV system was used
to measure the axial and vertical velocities. In addition, a schlieren
system with a 20-ns pulse durationwas used to obtain nearly instan-
taneous photographsof the mixing layer.

Table 1 Flow conditions for case 2 of the
Goebel–Dutton experiments

Parameter Top � ow Bottom � ow

Mach no. 1.91 1.36
U , m/s 700 399
Tt , K 578 295
T , K 334 215
a, m/s 366 293
P , kPa 49 49
½, kg/m3 0.51 0.79
±, mm 2.9 2.5
±¤ , mm 0.90 0.44
µ , mm 0.29 0.21
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Computational Results
SGS Model Parameter Variations

Whereas the mean � ow is two-dimensional in nature, three-
dimensional calculations are necessary to compute the large-scale
turbulencedirectly. In the initial calculations obtained in Ref. 7 for
this mixing layer con� guration, computational grids having 200,
400, and 800 axial points in the LES region were examined. The
grids having 400 and 800 axial points both were able to capture the
unsteady vortical structure in the initial part of the mixing layer that
rapidly transitionedto a turbulentstructure.These two gridsalsopre-
dicted nearly identical mixing layer structures farther downstream.
The grid containing 200 axial points did not provide suf� cient res-
olution to enable the unsteady vortex shedding, nor any realistic
turbulent structure farther downstream. As a result, the grid con-
taining 400 points in the axial direction, 197 points in the vertical
direction, and 11 points in the spanwise direction was used as the
baseline for the calculationsdiscussed in this section. The axial do-
main extended 300 mm from the trailing edge of the splitter plate.
The grid points were clustered to the splitter plate trailing edge
such that 1x1 D 0:10 mm. In the vertical direction, the grid was
packed to the two sides of the splitter plate with initial spacing set
to 1y D 0:05 mm D 1

2 1x1 , or one-tenth of the splitter plate thick-
ness at the trailing edge. In addition, 10 grid points were equally
spaced verticallyacross the splitter plate trailing edge to enable res-
olution of the unsteady vortex street that initiates the mixing layer
development. The grid spacing in the spanwise (z) direction was
uniform and set equal to the axial spacing at the splitter trailing
edge, or 1z D 1x1 D 0:10 mm. A periodic boundary condition for
all � ow quantities was used in this direction. The very small num-
ber of grid points used in the z direction and the small physical
space that is represented limited the size and wave numbers of the
turbulent structures that could be captured by the computation in
the spanwise direction. However, this compromise was necessary
to enable enough points to be used in the other two computational
directions for providing suf� cient resolution to capture the impor-
tant unsteady vortex structure. Furthermore, the grid stretching in
the axial direction had to be kept to a minimum (less than 1%) to
prevent contamination of the unsteady � ow structure in the critical
region just downstream of the splitter base.

Upstream of the LES region, the two wall bounded streams were
calculated using the RANS approach with grid domains contain-
ing 61 axial points and 94 vertical points. The 1x and 1y spac-
ings exactly matched those of the LES region at the RANS/LES
interface. The wall boundary conditions were set as adiabatic no-
slip surfaces. Reference 7 discussed in detail the procedure used
to generate boundary-layerpro� les with displacement and momen-
tum thicknessesthat matched those measured in the experiment just
upstream of the beginning of the mixing section.

Considerable research into SGS modeling has resulted in a va-
riety of models that are currently used in LES. Recently, Spalart3

and Fureby and Grinstein26 have suggested the possibility of per-
formingan LES withoutan SGS model,providedthat the simulation
resolvesthedominantenergycontainingturbulentscales.In this sec-
tion, the effects of variations in the relatively simple Smagorinsky20

SGS model are investigated. Three calculations were completed in
which the SmagorinskySGS model parameters(the constantCS and
the SGS length scale) were varied. The � rst case used the standard
length scale expressiongiven by Eq. (9) and CS D 0:10. The second
case also used the standard length scale expression and CS D 0:24.
The third case used the modi� ed length scale expression given by
Eq. (10) and CS D 0:24. With the limited spanwise grid and simple
SGS model used here, the objective is not to conduct a compre-
hensive study of SGS model variations, but only to determine gross
effects of the SGS model constant CS and the length scale expres-
sion on the calculated mixing layer evolution. By the examination
of the two typical bounds on CS , and the two different length scale
expressions (9) and (10), large variations in the subgrid eddy vis-
cosity could be examined. Attempts at running the procedure with
no SGS model resulted in solution divergence.

Figure 2 shows a comparison of density in the � rst one-half of
the axial domain obtained with the third case to a two-dimensional
simulation obtained with an x–y plane extracted from the three-

a)

b)

Fig. 2 Comparison of instantaneous density contours in mixing sec-
tion: a) two-dimensional case with no subgrid model and b) three-
dimensional case with the standard turbulent length scale and CS = 0.24

dimensional grid. Both solutions exhibit a periodic vortex shedding
that originates from the splitter plate trailing edge. However, for
the three-dimensionalcase, there is a rapid transition to turbulence.
The vortex shedding and transition behavior was very similar for
all of the three-dimensional cases discussed in this and the other
sectionsof this paper, with a sheddingfrequencycorrespondingto a
Strouhalnumberof 0.13.Althoughthevortexstrengthand transition
behavior of the two-dimensional case was very different from the
three-dimensionalsolutions, the shedding frequency was the same.

Density contoursare useful for visualizing the � ow in the mixing
region and provide a computational analogy to the schlieren pho-
tographs that are used in experiments. Although the strongest gra-
dients of the density are observed in the developingshear layer, gra-
dients are also observed in the regions above and below the mixing
layer. These are the result of Mach waves generatedby the unsteady
mixing layer and their interactionwith the two walls of the con� ned
mixing section. Such waves were also evident in the schlieren pho-
tographs of the Goebel–Dutton experiments. In Ref. 27, the effects
of the wave re� ections from the walls on the mixing layer develop-
ment were investigated. Calculations were obtained in which extra
grid points were added vertically to move each wall very far from
the mixing layer, so that the effectivemixing section height became
900mm. This extremespacingresultedin allwaves originatingfrom
the splitter plate trailing edge to pass out of the out� ow boundary
without the opportunity to re� ect back onto the mixing layer. The
resulting mixing layer development was very similar to that of the
baseline, and it was concluded that the re� ection of the waves from
the mixing section walls does not affect the mixing layer behavior.

Details of the transition behaviorof the initially organizedvortex
street to a turbulent � ow are provided by the 12 photographsof the
density shown in Fig. 3, again for the third three-dimensionalcase.
The regionshown in thesephotographsis a close-upof the � ow very
near the splitterplate trailingedge.Each successivephotographrep-
resents a march forward in time of 3:7 £ 10¡6 s, which corresponds
to 250 time steps obtained with the Gottlieb–Turkel16 predictor–
corrector scheme. This time interval was chosen such that in every
other photograph,a new vortex is shed from the trailing edge of the
splitter. The initial organizedvortex pattern is followed by a vortex
pairing and transition to turbulence, which is very similar to the
� ow development observed in the experiments. The vortex shed-
ding, transition, and initial turbulent structures were very similar
for all of the three-dimensional cases investigated in this work. In
addition,the number of organizedvorticesbefore breakdownto tur-
bulence may change for the time progression shown. However, all
of the calculationsexamined in this work oscillatedbetween having
5 and 10 organized vortices before transition occurred.

The mean axial velocity pro� les obtained from the three cal-
culations in which the subgrid model parameters were varied, but
all using the baseline three-dimensional grid, are compared to the
Goebel–Dutton data in Fig. 4. All of the solutions exhibit a larger
wakeat x D 50mm than thatof the experiment.Fartherdownstream,
all of the solutionsappear to mix more rapidly than indicated by the
experimentaldata. Comparisonsof the axial and vertical turbulence
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Fig. 3 Time series of instantaneous density contours for the three-
dimensional hybrid calculation using the modi� ed length scale expres-
sion and CS = 0.24.

a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 4 Time-averaged axial velocity pro� les for the cases investigating
SGS effects.

intensities are made in Figs. 5 and 6, respectively. The u rms and
vrms quantities are obtained from the long time averages of the re-
solved velocity components and do not include any SGS contri-
bution. Figure 5 shows that the calculations generally overpredict
u rms, which correspondsto the wider axial velocitypro� les in Fig. 4.
At x D 50 mm, a double peak in the calculated intensities is evident
for all of thecalculations.Fartherdownstream,the solutionobtained
with CS D 0:24and themodi� ed lengthscaledemonstratesgenerally
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a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 5 Pro� les of urms for the cases investigating SGS effects.

lower levelsof urms than theothersolutions.From Eq. (11), this com-
bination produces the largest SGS viscosities.Although increasing
the Smagorinsky constant CS also tends to result in more damping,
the effect of changing CS from 0.10 to 0.24 does not seem to have
as large an effect as the SGS length expression.

The computed pro� les of vrms shown in Fig. 6 are also overpre-
dicted relative to the data, with the lowest levels of vrms predicted
with the modi� ed length scale and CS D 0:24. The turbulent � uc-
tuations in the z direction cannot be properly resolved due to the

a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 6 Pro� les of vrms for the cases investigating SGS effects.

grid width and forced periodicity in this direction. This inability to
capture large-scale � uctuations in the spanwise direction is hypoth-
esized to be a primary contributor to the overpredictionsof u rms and
vrms; however, note again that the objective of these SGS studies
was only to determine gross effects of model parameter variations
on the mixing layer development. Hybrid calculations in which the
spanwisecomputationalgrid was expandedare discussedin the next
section.
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Spanwise Grid Variations
As mentioned in the preceding section, the grid resolution in the

z direction and the small physical domain in this direction prohib-
ited the formation of any large-scale turbulence in the spanwise (z)
direction for all of the cases examined.As a � rst modi� cation to the
spanwise grid structure, the spacingwas doubled to 1z D 0:20 mm.
The number of points was kept at 11. A computationwas performed
with this modi� ed computational grid and using the modi� ed SGS
length scale expression with CS D 0:24. Results for this case were
nearly identical to those from the case using the original grid and
same SGS model settings.

The next two grids that were examined used the 1z D 0:20 mm
spacing and increased the number of spanwise points to 21 and 31,
such that the overall spanwise domain widths were doubled and
tripled, respectively.As a result, not only were more spanwise grid
points used, but the spanwise physical domain was increased so
that more realistic � ow development could be simulated in this di-
rection. Table 2 provides a summary of the spanwise grid structure
variations.To accommodatethe limitedmemory requirementsof the
computer used (a Cray C90 vector machine), the axial domain was
shortenedto 150mm by truncatingthe last80axialpointsof theorig-
inal grid. The widths of the two new grids, 4 and 6 mm, respectively,
were on the order of the mixing layer thicknessmeasured in the ex-
periment, 5 mm, at the axial positioncorrespondingto x D 150 mm.
Because of the supersonic nature of the mixed � ow, moving the
out� ow toward the splitter would not affect the � ow� eld upstream.
This was veri� ed in preliminarycalculationswith the two new grids.

Computations were performed with these two modi� ed compu-
tationalgrids, again using the modi� ed SGS length scale expression
and CS D 0:24. Figure 7 shows instantaneous constant density sur-
faces in the mixing layer and illustrates that as the spanwise width
is increased, more three-dimensional growth is enabled. Only the
last one-half of the RANS domains and the � rst one-half of the LES
domain are shown in Fig. 7 to show the detail near the transitionand
early turbulent region. Figure 8 shows a comparison of mean axial
velocitypro� les for the cases investigatingspanwisegrid variations.
Comparisons of the two turbulence intensities measured in the ex-
periment are provided in Figs. 9 and 10. Although no experimental
measurements were made in the spanwise direction, the spanwise
turbulence intensities obtained from the calculations are presented
in Fig. 11. At x D 50 and 100 mm, the calculatedvelocitypro� les in
the high shear mixing region exhibit similar behavior.However, far-
ther downstreamat x D 150 mm, the two solutions obtained with 4-
and 6-mm widths predict less mixing layer growth and are in closer
agreement with the experimental measurements. The axial turbu-
lence intensities obtained from the two calculations with 4- and
6-mm widths, respectively,generally indicate less overpredictionof
the peak intensities relative to the experimental data. The vertical
turbulence intensities are still overpredicted relative to the exper-
imental data, but the peak intensities obtained with 4- and 6-mm
width domains are closer to the data than the original calculation
with a 2-mm width.

The spanwise turbulence intensities shown in Fig. 11 indicate
substantiallydifferent � ow development in the z direction when the
computational domain is varied in this direction. The calculation
with a 2-mm width indicatesalmost no turbulent � uctuations.How-
ever, increasing the width of the physical domain using the other
two grids does allow for spanwise-varying turbulence to grow. In
addition, streamwise braid vortices are evident for the 4- and 6-mm
width cases, but not for the 2-mm width case. The discrepanciesbe-
tween the 4- and 6-mm spanwisewidth cases is small at x D 50 mm,
but becomes larger farther downstream. At x D 50 mm, the size of
the turbulent eddies are suf� ciently small to be captured relatively
well with the grids having 4- and 6-mm widths.

Table 2 Spanwise grid structure variations

Spanwise points 1z, mm Total width, mm

11 (SGS studies) 0.10 1.00
11 (current) 0.20 2.00
21 (current) 0.20 4.00
31 (current) 0.20 6.00

a) Spanwise width = 2 mm

b) Spanwise width = 4 mm

c) Spanwise width = 6 mm

Fig. 7 Instantaneous constant density surfaces in mixing layer, ½ = 0.5
(½top + ½bottom ).

Farther downstream, as the size of the eddies approaches and
eventually exceeds the spanwise width of the computational grid,
the widest (6-mm) spanwise case is better able to capture the larger
eddies than the 4-mm width case. In addition, the peak intensities
also drop from x D 100 to 150 mm for each of these two cases.
This indicatesthat as the magnitudeof the largest three-dimensional
eddiesgrowswith axial position, the abilityto simulate the spanwise
growth is reduced.

The calculations discussed in this section only begin to address
the effects of the spanwise domain. However, the signi� cant effects
of widening the domain to enable some turbulent structures to be
captured may be observed from these calculations. In particular,
the reduction in the axial and vertical turbulence intensities com-
pared to the calculations performed with the 2-mm width grid is
enabled by allowing some of the turbulent energy production to be
releasedin the spanwisedirectionfor the two caseswith 4- and6-mm
widths.

The initial computationalgrid was suf� cient to enable formation
of the initial disturbances critical to the transition of the organized
vortical structure to the turbulent mixing layer. These disturbances
were suf� cientlysmall such that they werenot affectedby the limita-
tions of the spanwise domain. Examinationof all of the calculations
indicated that the initial disturbance formation and magnitude, as
well as the resulting transition behavior, was virtually the same for
all of the grids. This is also shown by the constant density surfaces
shown in Fig. 7. Althoughthe mean � ow is two-dimensional,the tur-
bulent structures in the mixing layer are clearly three-dimensional
in nature. Increasing the spanwise domain further, to the even-
tual limit of modeling the actual width of the experiment, would
be desirable but would require currently prohibitive computational
resources.



GEORGIADIS, ALEXANDER, AND RESHOTKO 225

a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 8 Time-averaged axial velocity pro� les for the cases investigating
spanwise grid variations.

RANS Thermal Boundary Condition Variations
In this section, effects of the boundary conditions used for the

no-slip surfaces in the RANS regions are investigated. In all of
the cases discussed thus far, adiabatic surfaces were assumed, as is
most frequently the case for RANS simulations of wall boundary
layers. However, with only a very thin stainless-steel splitter plate
separating the heated and unheated streams, the two surfaces of the
splitter plate were apt to be at substantially different temperatures
than the adiabatic wall temperatures of the two streams.

a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 9 Pro� les of urms for the cases investigating spanwise grid
variations.

A simple heat transfer analysis of the splitter plate was used to
obtain wall temperatures for an additional case investigating wall
thermalboundaryconditioneffects.This analysisconsistedof equat-
ing the heat transfer from each stream to that conducted vertically
through the stainless-steelplate, or

qw D Ch½1U1C p.Tw ¡ Taw/ D ¡
³

k
@T

@y

´

w

(14)
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a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 10 Pro� les of vrms for the cases investigating spanwise grid
variations.

For 304 stainlesssteel, the thermal conductivityis 14.4 W/m ¢ K. An
expressionfor the Stanton number is employed, using the Reynolds
analogy such as that from White28

Ch D 0:62C f (15)

Two expressions, one for the top � ow and the other for the bottom
� ow, could be written using Eq. (14) with skin-friction coef� cients
obtained from earlier calculations in the RANS regions. Given a
linear variation of temperature vertically through the plate at any

a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 11 Pro� les of wrms for the cases investigating spanwise grid
variations.

axial station, these two expressions are simultaneously solved to
obtain the two wall temperatures as a linear function of the split-
ter plate thickness. It was found that the maximum difference in
(axially varying) temperatures from one surface of the plate to the
other was substantially less than the differenceof the two adiabatic
wall temperatures, 552 K for the top � ow and 286 K for the bottom
� ow. At the trailing edge of the plate, the calculated temperature
difference was less than 3 K. In addition, at every axial station,
the average of the two surface temperatures was equal to 419 K.
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a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 12 Time-averagedaxialvelocity pro� les for the cases investigating
RANS thermal boundary condition effects.

As a result, this average temperature, 419 K, was speci� ed as the
wall temperature for both streams in the new hybrid RANS/LES
calculation. This case was run using the grid having a 4-mm span-
wise width as a compromise between the 2-mm width grid, which
was insuf� cient to capture three-dimensionaleffects, and the most
computationallyexpensive6-mm width grid. The results of this cal-
culationare compared to the case from the precedingsection having
a 4-mm spanwise width and adiabatic walls in the RANS region.

a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 13 Pro� les of urms for the cases investigating RANS thermal
boundary condition effects.

Figure 12 shows a comparison of the mean axial velocities,
demonstrating effects of the upstream RANS wall boundary con-
ditions. The axial and vertical turbulence intensities are shown in
Figs. 13 and 14, respectively.Although the mean axial velocitiesdo
not demonstrate large differences between the solutions, especially
in the high shear mixing region, the comparisons of turbulence in-
tensities generally indicate lower turbulence levels for the case in
which the wall thermal boundary conditions were set to the � xed
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a) X = 50 mm

b) X = 100 mm

c) X = 150 mm

Fig. 14 Pro� les of vrms for the cases investigating RANS thermal
boundary condition effects.

temperature,419 K. The reduced turbulencelevels in the isothermal
case are in overall closer agreementwith the experimentaldata than
the adiabatic wall case.

The reason for the reduced turbulence production is as follows.
With the two isolated streams matched in static pressureat the trail-
ingedgeof the splitterplate,thelargedifferencein wall temperatures
for the adiabatic walls case results in very high vertical gradientsof
the temperature and density pro� les in the initial part of the mixing

layer. With the wall surfaces instead prescribed at a � xed temper-
ature for the other case, which is likely to be much closer to the
actual situation of the experiment with the thin splitter plate, the
large initial gradients in temperature and density do not occur, and
the turbulentproductiondownstreamin the mixing layer is reduced.

Although the prescribedtemperaturespeci� ed for the two splitter
plate surfaces does not result in a perfect representation of the ex-
perimental situation, such a boundary condition is very likely more
appropriate than applying adiabatic walls for the mixing layer un-
der investigation.Mixing layersin aerospaceapplicationsfrequently
experience similar � ow conditions to those of the experiment con-
sidered here, as in the example of a hot core engine stream mixing
with a cool bypass stream. The results presented in this section il-
lustrate the importanceof determining the likely thermal state of the
surfaces over which boundary layers develop, especially consider-
ing likely deviations from the most frequently employed, but often
improper, adiabatic wall boundary conditions.

Conclusions
The capabilityof a hybridRANS/LES methodto simulatea turbu-

lent mixing layer formed from two supersonic streams was investi-
gated. Although the RANS approachdoes not provide any unsteady
turbulent information to the LES region, the mean � ow boundary-
layercharacteristicsareprovided.The hybridmethodwas developed
for the analysisof nozzleand mixing layer con� gurationsin which a
structuralfeature, such as the base regionof a nozzleor splitter plate
separating the upstream � ows, will provide the dominant unsteady
mechanism to drive the development of turbulence in the mixing
layer. The most signi� cant result was that an initial periodic vor-
tex shedding pattern, followed by a transition to a turbulent mixing
layer, was enabled by three-dimensional calculations, despite the
small extent of the third dimension in these calculations. In con-
trast,a two-dimensionalapproach,by de� nition,does not allowsuch
three-dimensionaldisturbancesto develop, and it was demonstrated
that a two-dimensional calculation could not predict this transition
behavior. Beyond the demonstration of the hybrid method’s abil-
ity to capture the qualitative behavior of the turbulent mixing layer
evolution, parametric studies investigating effects of LES subgrid
modeling,spanwisegrid structure,and thermalboundaryconditions
used for the walls in the RANS region were also conducted.

In the SGS model investigations, variations in the Smagorinsky
constantand the subgridlengthscalewere considered.The case with
SGS settings producing the largest eddy viscosities resulted in the
lowest turbulence levels. However, the differencesamong solutions
was small compared to the overall discrepancywith data, indicating
that other modeling issues may be more important for this speci� c
class of � ow problems. It is possible that the small spanwisedomain
employed here limits the generality of this conclusion, but authors
such as Spalart3 and Fureby and Grinstein26 offer the opinion that
SGS re� nement will offer only small improvements for LES of
� ows away from boundariesand without chemical reactions.These
authors further suggest that it may even be feasible to perform an
LES simulation without an explicit SGS model, provided that the
numerical scheme is suf� cient to prevent unresolvedwave numbers
from contaminating the solution and that the simulation resolves
turbulent scales in the inertial subrange.

The spanwise grid studies indicated that the physical width of
the spanwise domain has considerable in� uence on the turbulent
growth in the mixing layer. Although the mean � ow developmentof
the mixing layer may be considered two dimensional, the develop-
ment of turbulentstructuresis threedimensionalin nature.Widening
the spanwisedomainwhile maintainingthe same resolutionenabled
more of the turbulent energy production to be released in the span-
wise direction.This, in turn, reduced the overpredictionsin the axial
and vertical turbulence intensities relative to the baseline computa-
tional grid that represented the smallest width. The compromise of
using only a small spanwise domain in the results reportedhere was
necessary because of the very large number of points in the other
two directions required to simulate the vortex street and transition
to turbulence.However, further widening of the spanwise direction,
with a proportionalincreasein the numberof spanwisegridpoints, is
necessary to capture more of the realistic three-dimensionalmixing
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layer behavior and would likely result in further improvements of
the agreementbetween the calculationsand the experiment.Contin-
ued improvements in computing speed and computer memory will
hopefully make such more computationallyexpensive calculations
routinely possible in the future.

Finally, in the investigationsof the wall thermal boundary condi-
tions used in the RANS region, an alternative to the typically used
adiabatic wall boundary condition was employed, and it improved
the agreement of the calculated and experimentally measured tur-
bulence intensities. A simpli� ed heat transfer analysis showed that
the two surfaces of the splitter plate were likely much closer in
temperature than that resulting from the adiabatic wall assumption.
A calculation of the mixing layer was performed using an average
of the surface temperatures calculated with the heat transfer anal-
ysis as the wall temperature for both RANS streams. As a result
of this modi� cation, the large gradients in temperature and density
appearing in the initial portion of the mixing layer for the adiabatic
walls case were substantially reduced for the modi� ed case, which
in turn resulted in lower turbulence intensities downstream in the
mixing layer. These results illustrate the importance of carefully
consideringthe thermal boundaryconditionsused for wall bounded
regions. The capability of the hybrid method to provide not only
mean � ow momentum boundary-layereffects, but also the thermal
boundary-layereffects, was also demonstrated by these results.
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